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By a result of L. Lovasz, the determination of the spectrum of any graph with 
transitive automorphism group easily reduces to that of some Cayley graph. 
We derive an expression for the spectrum of the Cayley graph X(G, H) in 
terms of irreducible characters of the group G: 
x:,, + ... + A; n, = ’ 1 g,,..ZttH xi (!igs) 
for any natural number t, where xi is an irreducible character (over @), of degree 
tti , and Xi.1 ,... , &. are eigenvalues of X(G, H), each one nj times. (C niz = 
n = I G I is the totalhumber of eigenvalues.) Using this formula for t = l,..., ni 
one can obtain a polynomial of degree ni whose roots are Xi,i ,..,, Ai,,,, . The results 
are formulated for directed graphs with colored edges. We apply ihe results to 
dihedral groups and prove the existence of k nonisomorphic Cayley graphs of 
D, with the same spectrum provided p > 64k, prime. 
1. INTRODUCTION 
Numerous proofs in graph theory depend on the spectra of the adjacency 
matrices of graphs, one of their most important algebraic invariants. (See 
e.g., the excellent books by Biggs [2,3].) In this connection, graphs with 
strong symmetry properties are of particular interest. LOX&Z [9] has shown 
that the determination of the spectrum of a graph with transitive auto- 
morphism group trivially reduces to that of a Cayley graph (whose auto- 
morphism group contains a regular subgroup), and has given a formula for 
the spectrum in terms of group characters. The aim of the present note is to 
derive, by different methods, a more handy formula, and, as an application, 
to compute spectra of Cayley graphs of dihedral groups. As a conclusion, we 
obtain large families of cospectral Cayley graphs of D, for p a sufficiently 
large prime (Theorem 5.2). The proof depends on a result from [l] (see 
Theorem 5.1) which asserts, roughly speaking, that two Cayley graphs of D, 
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are isomorphic only in the trivial cases. The same holds for Z,(cyclic groups 
of prime order), too, as shown by Djokovic [5] and Elspas and Turner [7], 
using the spectra: They proved that the spectra of two Cayley graphs coincide 
only if these Cayley graphs are trivially isomorphic. Our result Theorem 5.2 
shows that Theorem 5.1 cannot be proven this way. 
Let us remark that several authors have constructed large families of 
cospectral graphs (see, e.g., [6, 10, ll]), mostly using cospectrality of small 
graphs to find large cospectral graphs. 
Our graphs are not composed from smaller cospectral graphs in any known 
way (unions, coalescences, products). We obtain our result without any 
numerical computation. 
For the prerequisities from group representation theory we refer to [4, 121. 
2. PRELIMINARIES 
First we recall the well known fact. that if 
f(x) = *fj (x - Xi) = xn. + ulxn-l + *** + 42 3 
and 
then 
St = i xit, 
i=l 
n!f(x) = det D(X), (1) 
where D(x) denotes the (n + 1) x (n + 1) matrix 
x” XTL-l y-2 xn-3 . . . x2 x 1- 
s, 1 0 0 *.* 0 0 0 
s, s, 2 0 *.- 0 0 0 
D(x) = s, s, s, 3 ... 0 0 0 . (2) 
S,-, Sip, S,-, S,-, ... Sl n i 1 0 
_ sn s,-1 s,_, g-3 ... s, s, n 
This follows directly from the Newton-Waring identities if f has no mul- 
tiple roots (namely, D(xJ is the matrix of a system of homogeneous linear 
equations with nontrivial solution 1, aI ,..., a, (i = l,..., n); and the coeffi- 
cient of xn in det D(x) is n!). The general case easily follows by a limit argu- 
ment. (Actually, (1) holds iffe R[x] for any commutative ring R with unit; 
this follows trivially from the fact that it holds for the polynomial ring 
ax, ,..., Ll.) 
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We note that [9, p. 1921 exhibits a determinant for the same purpose, with 
a minor error, corrected by (2). 
Let @ denote the field of complex numbers. We shall deal with color 
graphs, with complex numbers as colors. A color graph is a couple X = 
(V, cx), where cx : V x V -+ @ is a function, associating a color with each 
(directed) edge. (Nonedges can be interpreted as ones having color 0.) For 
v = (Ul )...) un}, the adjacency matrix of X is defined as 
The spectrum of X is that of its adjacency matrix. 
A permutation n, acting on V, is an automorphism of X if c~(~Tx, rry) = 
c,(x, y) for any x, y E V. 
,4(X) denotes the group of automorphisms of X. 
For G a group and 01 a function, ol: G + @, the Cayley color graph X = 
X(G; CY) is defined on the vertex set V(X) = G by 
cxk, h) = 4g-‘h). 
Clearly, A(X) contains the left regular permutation representation GL of G 
as a subgroup. 
If o(g) E (0, l} (g E G) and the set H = {g : a(g) = l} generates G then X 
is a Cayley digraph of G, denoted by X(G, H). X(G, H) is a Cayley graph if 
H = H-l and 1 $ H. (1 stands for the unit of G.) 
3. THE FORMULA 
In this Section, G denotes a finite group of order n whose irreducible 
characters (over C) are x1 ,..., xh with respective degrees n, ,..., nh a,“=, 
ni2 = n). 
THEOREM 3.1. The spectrum of the Cayley color graph X = X(G; 01) can be 
arranged as 
A = {hiik : i = l,..., h; j, k = l,..., ni} 
such that &, = *** = hii,‘ (this common value will be denoted by h,J, and 
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for any natural number t. Hence, using (I), (2), and (3) for t = 1,2,..., ni , we 
obtajn a polynomial of degree ni whose roots are h,,l ,..., hi.%, by (1) and (2). 
As for an Abelian group, n, = *em = n, = 1, we have 
COROLLARY 3.2 (cf. [9]). Denoting by {h, ,..., &J the spectrum of the 
Cayley color graph X = X(G; a) ofthe Abelian group G we have 
hi = c 69 xiw (i = I ,..., n). 
geG 
Proof of Theorem 3.1. Let A = [a,,Jg,hEc be the adjacency matrix of X. 
Hence, 
a gA = c(g, h) = a(g-lh). 
Denote by R, the n x n permutation matrix 
R D = [r(g)] r.?/ e.tieG ’ 
where 
r(S) = 1 Z.Y if xg = y, 
= 0 otherwise. 
Clearly, 
A = 1 +)R,. 
gEG 
On the other hand, R, is the matrix of the right multiplication by g in the 
group algebra Q=G. (Note that we have right multiplication here because A(X) 
contains the Zeft regular permutation representation of G.) 
For x E @G,. denote by x* the right multiplication by x. So we are interes- 
ted in the spectrum of x* for x = xBEG a(g) g. 
Let 
i=l k=l 
be a decomposition of the group algebra into minimal right @G-modules. Let 
us choose the indices such that Wi, g *.* s Wini and 
Tr(g* I Wid = xi(g) (g E G). 
Let hc ,..., Xi,,k} denote the spectrum of the restriction of x* to Wi, . By 
the above isomorphism of the right modules, this spectrum does not depend 
on k; set hijk = hii . 
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Now 
gl A:i = Tr((?)* 1 wil) 
= c gl....,gt”G Tr (fi (4gJ ss*> I wil) S=l 
Q.E.D. 
Problem 3.3. Let X = X(G, H) be a Cayley digraph, v a positive integer 
and 
(By the theorem, pi = hi,l + .a* + &,i) 
Is the set M, = {pi : ni = v} an invariant of X? (Thus, does X(G, H) E 
X(G, H’) imply M, = M: ?) 
4. SPECTRA OF THE CAYLEY DIGRAPHS OF THE DIHEDRAL GROUPS 
We apply the theorem to the dihedral groups D, . For simplicity, we treat 
the case of odd n only. 
Let 
D, = (p, CT : p” = u2 = 1) upa = p-1). 
For n = 2m + 1 there are m irreducible characters of degree 2 (x1 ,..., xm) 
and 2 of degree 1 (x~+~ , x~+~ ). Recall their character tables [12, Chap. 5.31: 
Xi wfk + o-S 0 (j = l,..., m) 
xm+1 1 -1 
XWbZ 1 1 
where w denotes a primitive nth root of unity. 
Let now X = X(D, , H) be a Cayley digraph of D, , where H = HI u H, , 
HI = {pIeI,..., p”“} (0 < k, < *-* < k, < n - l), 
H, = {a~‘~,..., opzb) (0 < 4 < *** < I, < n - I). 
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Bj = 2 &. 
lJ=l 
Easy computation shows (using upUapv = pV-“) that, forj = l,..., m, 
PROPOSITION 4.1. hjI + hj, = Aj + Aj = 2 Re Aj (the bar indicates com- 
plex conjugate), 
hfl + A;, = Aj2 + A; + 2B,& , 
thus 
The remaining two eigenvalues are 
h m+l = a - b, 
h m+2 = a -k b. 
Note that the values of 4, ,..., e, influence the spectrum of X only through 
BjBj = c wj(zu-zn’. 
l<u,u<b 
COROLLARY 4.2. Let /3(c) denote the number of solutions of the congruence 
x-y=c(modn), x, Y E (4 ,.*., eb> 
(O<c<n- l.)Theset(k,,..., k,} and the function /I uniquely determine the 
spectrum of X. 
Namely, a = I{k, ,..., k,}j ; b = /3(O); 
It-1 
5. COSPECTRAL CAYLEY GRAPHS FOR D, 
We shall make use of the following result [l]: 
THEOREM 5.1. The Cayley graphs X(D, , H) and X(D, , K) of D, (p 
prime) are isomorphic tf and only tf there is an automorphism 01 of D, which 
maps H onto K. 
186 Lk3ZLi) BABAI 
The “if” part is trivial. The “only if” part enables us to prove that certain 
Cayley graphs are nonisomorphic even if their spectra coincide. 
In view of Corollary 4.2 we have to investigate sets of integers with coin- 
ciding difference families. For A4 a finite family of integers, let A4 - A4 denote 
the family of its differences. (Family means multiplicities are taken in ac- 
count.) It is convenient to associate a quasi-polynomial (a member of 
Z[x, x-l]) with M: 
(The coefficient of xj is the number of occurences ofj in M.) Clearly, 
fM-M(X) = fMc4 fMW1). (2) 
Using this and the unique prime factorization of polynomials we obtain 
that M - M = N - N if and only if there are quasi-polynomials u and v 
such that 
fMW = u(x) dx); fr.J(x) = u(x) 0(x-‘) x5 
(We use only the sufficiency which is trivial.) 
Using the notation of Section 4, set 
(3) 
K = ‘$1 >..., kzl, L = {e, )..., e,>. 
Corollary 4.2 implies that K and the family L - L uniquely determine the 
spectrum of X. 
In order to obtain essentially different sets L with coinciding difference 
families, we shall consider a product 
g(x) = G4 *-- %(X) (4) 
of quasi-polynomials. For any subset S C { l,..., m}, s’ = { l,..., m}\S, let 
gsw = *ps &4 n uitx-‘). 
iES’ 
(5) 
Clearly, gs(x) gs(x-l) = g(x) g(x-‘) for any S c { l,..., m}. If we guarantee 
that 
all CoeBcients of gs(x) are 1 (and 0) for my S C (l,..., m} (6) 
then, by (1) we obtain 2m sets with coinciding difference families. 
For a quasi-polynomial f(x) = xy=, aixi define its degree as deg f = 
d - c (a,a, # 0). 
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A sufficient condition for (6) is that 
24$(x) = &(x) for certain sets M1 ,.I., M, satisfying 
deg ul + -se + deg ut-l 
<min{jw-z~:~2~,zEMt,w#z} for t = 2,..., m. 
(7) and (8) are satisfied, e.g., for the sequence 
Mi = (0, 2i+1 - 2, 2i+2 - 3) (i = 1, 2,..., m) 
Let now the set Ls be defined by (5), (7), (9), and 
f&4 = gsw 
187 
(7) 
(8) 
(9) 
(10) 
Let K = { 1, - I}, The sets K and L, define a Cayley graph X, of D, if 
p > deg gs(x) = 2m+3 - 3m - 8; moreover, the spectrum of X, does not 
depend on the choice of the subset S C {l,..., m}. We assert that 
for p a prime, p > 2 m+4, the Cayley graphs X, and Xr are iso- 
morphic if and only if either T = S or T = s’ = {l,..., m}\S. (11) 
Proof: Assume that X, and X, are isomorphic for some S, TC {l,..., m>. 
By Theorem 5.1, there is an automorphism a! of D, which maps one of the 
corresponding generating sets onto the other. 
In view of K = (1, -l}, p” = pfl. Let cr”! = upc. So, (upz)” = apCfz (hence- 
forth the sign depending on whether ua = p or p-l). Let this fact be shortly 
denoted by la = c f /. Consider the set Ls” = {& : IE L,}. This set has to 
coincide with L, mod p. Let g,O denote the corresponding quasi-polynomial 
g&x) = xcg,(x*l). 
SetU=Sifp”=pandU=S’ifp*=p-l,thus 
guw = &(x*1). 
Thus, in Z[x, x-l], 
xp - 1 I X%“(X) - &4x). 
As by assumption p > 2 deg g(x) = 2 deg g=(x), there is an integer k such 
that 
d&x c+kpg”c4 - &4x)) <P 
(and this quasi-polynomial is divisible by xp - 1, too), hence 
xc+“pgLdx) = gr(x), 
582b/q/z-6 
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thus 
xC+“P n (12) 
GU\T 
Observe now that the polynomial x4r+1 + x2”’ + 1 (Y 2 1) has exactly one 
real root 5, , -1 > f, > -2, and 5, > f, if r > s. Our polynomials ui are 
of this kind with r z ri = 2i - 1 (see (9)). Hence, the nonzero real roots of 
the left-hand side of (12) are &, for i E U\T and [<? for i E U’\T’; similarly 
the real roots of the righthand side are t,, (i E T\U) and (6’ (i E Y’\U’). We 
conclude that 
U\T = T\U. 
hence, T = U = S or S’, proving (11). 
THEOREM 5.2. Given an integer k 3 2 and a prime p > 64k there are k 
pairwise nonisomorphic cospectral Cayleygraphs of D, . 
Proof. Let m denote the integer satisfying 2”-2 < k < 2”-l. Now we have 
p > 64k > 2m+1, hence, by (11) we obtain 2*+l >, k nonisomorphic Cayley 
graphs of D, and the proof is complete. 
Remark. We have to mention the deep results of Frobenius on the group 
determinant [8]. The characteristic polynomial of a Cayley color graph is a 
particular case of the group determinant, but we were unable to use [8] 
directly. 
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